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Abstract
Hidden symmetries in a covariant Hamiltonian formulation are in-
vestigated involving gauge covariant equations of motion. The special
role of the Sta¨ckel-Killing tensors is pointed out. A reduction pro-
cedure is used to reduce the original phase space to another one in
which the symmetries are divided out. The reverse of the reduction
procedure is done by stages performing the unfolding of the gauge
transformation followed by the Eisenhart lift in connection with scalar
potentials.
1 Introduction
The motion of a free point particle in a (pseudo)-Riemannian space is deter-
mined by the kinetic energy and the trajectories are geodesics corresponding
to the metric tensor of the configuration space. More general than the free
mechanical system, in the case of a conservative holonomic dynamical sys-
tem whose kinetic energy is modified by the addition of a potential, the
trajectories are not geodesics of the metric tensor.
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In many cases it is preferably to represent the trajectories as geodesics
of a related metric. For example the Jacobi metric [1], conformally related
to the original one, is obtained rescaling the potential and the total energy.
The drawback of the conformally related metric is that its geodesics describe
the trajectories of a fixed energy.
An attractive alternative is represented by the Eisenhart lift or oxidation
[2] of a dynamical system which permits to put into correspondence the
trajectories of a mechanical system with the geodesics of a configuration
space extended in dimension.
It is well known that a geodesic system has a first integral linear in the
momenta if the metric admits a Killing vector corresponding to an infinites-
imal isometry. In some cases there exist additional nontrivial first integrals
quadratic (or more general polynomial) in the momenta provided that the
configuration space admits Sta¨ckel-Killing (SK) tensors. Superintegrable sys-
tems have been thoroughly studied in connection with hidden symmetries and
separability of the Hamilton-Jacobi equations and the corresponding ones in
the quantum theory. From this point of view the superintegrable systems,
formulated as geodesic systems, offer us examples of manifolds with nontriv-
ial Killing tensors.
In this paper we analyze the hidden symmetries of a dynamical system
in the presence of external gauge fields in a covariant approach [3, 4, 5].
This approach proves to be more convenient in the study of the conserved
quantities involving gauge covariant equations of motion.
In the case of a symplectic manifold on which a group of symmetries
acts symplectically, it is possible to reduce the original phase space to an-
other symplectic manifold in which the symmetries are divided out. Such a
situation arises when one has a particle moving in an electromagnetic field
[6].
On the other hand the reverse of the reduction procedure can be used
to investigate complicated systems. It is possible to use a sort of unfolding
of the initial dynamics by imbedding it in a larger one which is easier to
integrate [7]. Sometimes the equations of motion in a higher dimensional
space are quite transparent, e. g. geodesic motions, but the equations of
motion of the reduced system appear more complicated [8].
As an illustration of the reduction of a symplectic manifold with symme-
tries and the opposite procedure of oxidation of a dynamical system we shall
consider the principal bundle π : R4 − {0} → R3 − {0} with structure group
U(1). The Hamiltonian function on the cotangent bundle T ⋆(R4−{0}) is in-
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variant under the U(1) action and the reduced Hamiltonian system proves to
describe the three-dimensional Kepler problem in the presence of a centrifu-
gal potential and Dirac’s monopole field. Moreover this reduction procedure
is also relevant for many other problems like the geodesic flows of the gen-
eralized Taub-NUT metric, conformal Kepler system, MIC-Kepler system,
etc.
Concerning the unfolding of the reduced Hamiltonian system we shall
perform it by stages. In a first stage of unfolding we use an opposite procedure
to the reduction by an U(1) ≃ S1 action to a four-dimensional generalized
Kepler problem. Finally we resort to the method introduced by Eisenhart
who added one or two extra dimensions to configuration space to represent
trajectories by geodesics. The kinetic energy metric and scalar potential are
involved in the construction of the metric of the extended configuration space
in such a way that geodesics on the extended space project to trajectories of
the initial configuration space.
The plan of the paper is as follows. Section 2 is concerned with the
covariant formulation of the dynamics of particles in the presence of exter-
nal gauge fields and scalar potentials. In Section 3 we make a brief review of
the Hamiltonian reduction of symplectic manifolds with symmetries pointing
out the Hamiltonian systems defined on the cotangent bundle T ⋆(R4 − {0})
with standard symplectic form. Next Section is devoted to the reverse of the
reduction procedure associated with an S1 action to a four dimensional gen-
eralized Kepler problem. In Section 5 we discuss the Eisenhart procedure for
the oxidation limiting ourselves to dynamical systems and scalar potentials
which do not involve time. Conclusions and open problems are discussed in
the last Section.
2 Symmetries and conserved quantities
The geodesic flow for an n-dimensional manifoldM equipped with a (pseudo)-
Riemmanian metric g is generated by the quadratic Hamiltonian
H =
1
2
gijpipj . (1)
In terms of the phase-space variables (xi, pi) the canonical symplectic struc-
ture ω of T ⋆M is ω = dpi∧dxi and the corresponding Poisson bracket of two
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observables P,Q is
{P,Q} = ∂P
∂xi
∂Q
∂pi
− ∂P
∂pi
∂Q
∂xi
. (2)
Let us consider a conserved quantity of motion expanded as a power series
in momenta:
K =
s∑
i=0
K(i) = K0 +
s∑
k=1
1
k!
Ki1···ik(x)pi1 · · · pik . (3)
with K(i) homogeneous polynomial of degree i in momenta. It has vanishing
Poisson bracket with the Hamiltonian, {K,H} = 0, which implies
K(i1···ik;i) = 0 , (4)
where a semicolon denotes the covariant differentiation corresponding to the
Levi-Civita connection ∇ and round brackets indicate full symmetrization
over the indices enclosed. A symmetric tensor Ki1···ik satisfying (4) is called
a SK tensor of rank k. The SK tensors represent a generalization of the
Killing vectors and are responsible for the hidden symmetries of the motions,
connected with conserved quantities of the form (3) polynomials in momenta.
The traditional means to deal with the coupling to a gauge field Fij
expressed (locally) in terms of the potential 1-form Ai
F = dA , (5)
is to replace the Hamiltonian by
H =
1
2
gij(pi − Ai)(pj −Aj) + V (x) , (6)
work with the Poisson bracket (2) and consider the polynomials (3) in the
variables (pi − Ai) for i = 1, · · · , n [9]. For completeness, in (6) we included
a scalar potential V (x).
The disadvantage of this approach is that the canonical momenta pi and
implicitly the Hamilton equations of motion are not manifestly gauge covari-
ant. This inconvenience can be removed using van Holten’s receipt [3] by
introducing the gauge invariant momenta:
Πi = pi − Ai . (7)
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The Hamiltonian (6) becomes
H =
1
2
gijΠiΠj + V (x) , (8)
and the equations of motion are derived using the modified Poisson bracket
[3, 9, 10]
{P,Q} = ∂P
∂xi
∂Q
∂Πi
− ∂P
∂Πi
∂Q
∂xi
+ qFij
∂P
∂Πi
∂Q
∂Πj
. (9)
Searching for conserved quantities (3) expanded rather into powers of the
gauge invariant momenta Πi, the vanishing of the Poisson bracket {K,H}
yields a series of constraints in the form of a system of coupled differential
equations [5]. Only the equation for the leading order term Ki1···is defines a
SK tensor of rank s. The rest of equations mixes the derivatives of the terms
Ki1···ik , (k < s) and potential V with the gauge field strength Fij .
Several applications using van Holten’s covariant framework [3] are given
in [4, 5, 11, 12, 13].
3 Hamiltonian reduction
It is simplest to work with the Hamiltonian formulation in order to see how
the reduction and the oxidation of a dynamical system affect constants of
motion.
The general setting for reduction of symplectic manifolds with symmetries
is presented in [1, 6]. Here we confine ourselves to the U(1) reduction of
a Hamiltonian system defined on the cotangent bundle T ⋆(R4 − {0}) with
standard symplectic form. The reduced phase space is not symplectmorphic
to the cotangent bundle T ⋆(R3 − {0}) with standard symplectic form. It
proves that the reduced symplectic form on T ⋆(R3 − {0}) contains a two-
form describing Dirac’s monopole field beside the standard symplectic form.
Let us start to consider the principal fiber bundle π : R4−{0} → R3−{0}
with structure group U(1) whose action is given by [14]
x 7→ T (t)x , x ∈ R4 , t ∈ R , (10)
where
T (t) =
(
R(t) 0
0 R(t)
)
, R(t) =
(
cos t
2
− sin t
2
sin t
2
cos t
2
)
. (11)
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The U(1) action is lifted to a symplectic action on T ⋆(R4 − {0})
(x, y)→ (T (t)x, T (t)y), (x, y) ∈ (R4 − {0})× R4 . (12)
Let Ψ : T ⋆(R4− {0})→ R be the moment map associated with the U(1)
action (12)
Ψ(x, y) =
1
2
(−x2y1 + x1y2 − x4y3 + x3y4) . (13)
The reduced phase-space Pµ is defined through
πµ : Ψ
−1(µ)→ Pµ := Ψ−1(µ)/U(1) , (14)
which is diffeomorphic with T ⋆(R3 − {0}) ∼= (R3 − {0})× R3.
The coordinates (qk, pk) ∈ (R3 − {0})× R3 are given by the Kustaanhei-
mo-Stiefel transformation

q1
q2
q3
0

 =


x3 x4 x1 x2
−x4 x3 x2 −x1
x1 x2 −x3 −x4
−x2 x1 −x4 x3




x1
x2
x3
x4

 , (15)


p1
p2
p3
Ψ/r

 = 12r


x3 x4 x1 x2
−x4 x3 x2 −x1
x1 x2 −x3 −x4
−x2 x1 −x4 x3




y1
y2
y3
y4

 . (16)
where r =
∑4
1 x
2
j =
√∑3
1 q
2
k.
The phase-space T ⋆(R4 − {0}) is equipped with the standard symplectic
form
dΘ =
4∑
1
dyj ∧ dxj , Θ =
4∑
1
yj ∧ dxj . (17)
Let ιµ : Ψ
−1(µ) → T ⋆(R4 − {0}) be the inclusion map. The reduced
symplectic form ωµ is determined on Pµ by
π⋆µωµ = ι
⋆
µdΘ , (18)
namely
ωµ =
3∑
k=1
dpk ∧ dqk − µ
r3
(q1 dq2 ∧ dq3 + q2 dq3 ∧ dq1 + q3 dq1 ∧ dq2) . (19)
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ωµ consists of the standard symplectic form on T
⋆(R3−{0}) and in addition
a term corresponding to the Dirac’s monopole field
~B = −µ ~q
r3
, (20)
of strength −µ.
The reduced Hamiltonian is determined by
H ◦ ιµ = Hµ ◦ πµ . (21)
For the purpose of the present paper, we shall be concerned with the
reduction of the dynamical system associated with the geodesic flows of the
generalized Taub-NUT metric on R4 − {0}. This metric is relevant for (con-
formal) Coulomb problem [14], MIC-Zwanziger system [15, 16], Euclidean
Taub-NUT [17, 18, 19] and its extensions [20, 21], etc. The generalized
Taub-NUT metric is
ds24 = f(r)(dr
2 + r2(dθ2 + sin2 θdφ2)) + g(r)(dψ + cos θdφ)2 , (22)
where the curvilinear coordinates (r, θ, φ, ψ) are
x1 =
√
r cos
θ
2
cos
ψ + φ
2
, x2 =
√
r cos
θ
2
sin
ψ + φ
2
,
x3 =
√
r sin
θ
2
cos
ψ − φ
2
, x4 =
√
r sin
θ
2
sin
ψ − φ
2
. (23)
In what follows we consider the Hamiltonian on the cotangent bundle
T ⋆(R4 − {0})
H =
1
2f(r)
p2r +
1
2r2f(r)
p2θ +
(pφ − pψ cos θ)2
2r2f(r) sin2 θ
+
p2ψ
2g(r)
+ V (r) , (24)
where, to make things more specific, we consider a potential V (r) function
of the radial coordinate r.
The Hamiltonian function is invariant under the U(1) action with the
infinitesimal generator ∂
∂ψ
so that the conserved momentum is
µ = pψ = Θ(
∂
∂ψ
) , (25)
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where the canonical one-form Θ could be expressed in curvilinear coordinates
Θ = prdr + pθdθ + pφdφ+ pψdψ , (26)
on the cotangent bundle T ⋆(R4 − {0}).
The reduced Hamiltonian (21) has the form
Hµ =
1
2f(r)
3∑
k=1
p2k +
µ2
2g(r)
+ V (r) . (27)
Now the search of conserved quantities of motion in the 3-dimensional
curved space in the presence of the potential V (r) plus the contribution of
the monopole field proceeds in standard way. First of all we remark that
the reduced Hamiltonian is still spherical symmetric and one can easily show
that the angular momentum vector
~J = ~q × ~p+ µ
r
~q , (28)
is conserved.
In some cases the system admits additional constants of motion polyno-
mial in momenta. Here are some notable cases:
1) For
f(r) = 1 , g(r) = r2 , V (r) = −κ
r
we recognize the MIC-Kepler problem with the Runge-Lenz type conserved
vector
~A = ~p× ~J − κ~q
r
. (29)
1a) Moreover, for µ = 0 , Hµ becomes the Hamiltonian for the Coulomb -
Kepler problem.
2) For
f(r) =
a+ br
r
, g(r) =
ar + br2
1 + cr + dr2
, V (r) = 0 ,
with a, b, c, d real constants we recover the extended Taub-NUT space which
still admit a Runge-Lenz type vector
~A = ~p× ~J − (aE − 1
2
cµ2)
~q
r
, (30)
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where E is the conserved energy.
2a) In the particular case, if the constants a, b, c, d are subject to the
constraints
c =
2b
a
, d =
b2
a2
, (31)
the extended metric coincides, up to a constant factor, with the original
Taub-NUT metric.
Other examples could be found in [4, 20, 22].
4 Unfolding
It is interesting to analyze the reverse of the reduction procedure which can
be used to investigate difficult problems [7]. For example the equations of
motion for the dynamical system (19), (27) look quite complicated. Using
a sort of unfolding of the 3-dimensional dynamics imbedding it in a higher
dimensional space the conserved quantities are related to the symmetries of
this manifold.
To exemplify let us start with the reduced Hamiltonian (27) written in
curvilinear coordinates
Hµ =
1
2f(r)
[
p2r +
1
r2
(
p2θ +
(pφ − µ cos θ)2
sin2 θ
)]
+
µ2
2g(r)
+ V (r) , (32)
on the 3-dimensional space with the metric
ds23 = f(r)(dr
2 + r2(dθ2 + sin2 θdφ2)) , (33)
and the canonical symplectic form
dΘµ = dpr ∧ dr + dpθ ∧ dθ + dpφ ∧ dφ , (34)
µ being the strength of the Dirac’s monopole field.
In the specific case of the Dirac’s monopole field (20) the gauge invariant
momenta (7) in spherical coordinates are
Πr = pr , Πθ = pθ , Πφ = pφ − µ cos θ . (35)
The reduced Hamiltonian (27) has the form
Hµ =
1
2f(r)
[
Π2r +
1
r2
(
Π2θ +
Π2φ
sin2 θ
)]
+
µ2
2g(r)
+ V (r) , (36)
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and
dΘµ = dΠr ∧ dr + dΠθ ∧ dθ + dΠφ ∧ dφ− µ sin θdθ ∧ dφ , (37)
in agreement with (19) and Poisson bracket (9).
At each point of T ⋆(R3 − {0}) we define the fiber S1, the group space of
the gauge group U(1). On the fiber we consider the motion whose equation
is
dψ
dt
=
µ
g(r)
− cos θ
r2f(r) sin2 θ
(pφ − µ cos θ) . (38)
The metric on R4 defines horizontal spaces orthogonal to the orbits of
the circle - this is a connection on the principal bundle [23]. Using the above
trivialization, we have the coordinates (r, θ, φ, ψ) with the horizontal spaces
annihilated by the connection
dψ + cos θdφ . (39)
The metric on R4, which admits a circle action leaving invariant the
symplectic form (37), can be written in the form
ds24 = f(r)(dr
2 + r2(dθ2 + sin2 θdφ2)) + h(r)(dψ + cos θdφ)2
=
4∑
i,j=1
gijdq
idqj . (40)
The natural symplectic form on T ⋆(R4 − {0}) is (26)
dΘ = dΘµ + dpψ ∧ dψ . (41)
Considering the geodesic flow of ds24 and taking into account that ψ is a
cycle variable
pψ = h(r)(ψ˙ + cos θφ˙) , (42)
is a conserved quantity. To make contact with the Hamiltonian dynamics on
T ⋆(R3 − {0}) we must identify
h(r) = g(r) . (43)
Otherwise the resulting Hamiltonian dynamics projected onto T ⋆(R3 − {0})
is that from the Hamiltonian Hµ choosing (43).
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The reverse of the reduction proves to be useful since the equations of
motion for the Hamiltonian
H =
1
2
gijpipj + V , (44)
are quite simple and transparent, but the equations of the quotient system
(32) appear more complicated [21]. The corresponding differential equations
of the trajectories are
gij q¨
j + [jk, i]q˙j q˙k +
∂V
∂qi
= 0 , (45)
where [jk, i] is the Christoffel symbol. These equations admit the first inte-
gral of motion
1
2
gij q˙
iq˙j + V = T + V = E , (46)
where E is the conserved energy.
5 Eisenhart lift
In many concrete problems, after the unfolding of the gauge symmetry, one
ends up with a dynamical system on an extended phase space and an Hamil-
tonian (44) with a ”residual” scalar potential.
In the final stage of the oxidation of the dynamical system described by
the Hamiltonian (44) we shall apply the Eisenhart’s lift [2] (see also [24,
25]). In the general case of the Eisenhart’s lift when the time enters in
the constraints and in the potential function, the dynamics of a mechanical
system with an n dimensional configuration space is related to a system of
geodesics in an (n+2) spacetime [2, 26, 27]. In order to simplify the problem,
we shall assume that the constraits of the dynamical system and the potential
V do not involve time. In this simplified case it is adequately to consider a
Riemannian space with n+ 1 (in our particular case 4 + 1) dimensions with
the metric
ds25 =
4∑
i,j=1
gijdq
idqj + Adu2 , (47)
where it is assumed that A does not involve u.
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In contrast with equations (45), now the trajectories of motion are given
by
gij
d2qi
ds2
+ [jk, i]
dqj
ds
dqk
ds
− 1
2
∂A
∂qi
(
du
ds
)2
= 0 ,
A
du
ds
= a , (48)
where a is a constant.
For a non vanishing constant a it is possible to choose a parameter t for
each non-minimal geodesic as
t = as , (49)
identified with the time. Equations (45) are the same as (48) if A is defined
by
1
2A
= V + b , (50)
where b is another constant which should be chosen consistently with
1
a2
= 2(E + b) . (51)
At last, the coordinate u is related to the action by
u = −2
∫
Tdt+ 2(E + b)t . (52)
The Hamiltonian on the enlarge phase space (47) is
H5 =
1
2
4∑
i,j=1
gijpipj +
1
2
1
A
p2u , (53)
where A is given by (50), pi, pu are the conjugate momenta and the new
symplectic form is
ω′ = dpi ∧ dqi + dpu ∧ du . (54)
Let us assume that the Hamiltonian (32) on T ⋆(R4−{0}) has a constant
of motion polynomial in momenta of the form (3). We lift K to the extended
space
K =
s∑
i=0
ps−iu K
(i) . (55)
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It could be easily verified that K is a constant along geodesics on the enlarge
phase space (47) iff K is a constant of motion for the original system [27]. In
fact K is a homogeneous polynomial in momenta corresponding to a Killing
tensor of the metric (47).
6 Concluding remarks
The aim of this paper is to use the covariant Hamiltonian formulation of the
dynamics of particles in external gauge fields and scalar potential.
In general the explicit and hidden symmetries of a spacetime are encoded
in the multitude of Killing vectors and higher order SK tensors respectively.
The inclusion of gauge fields and scalar potentials affects the geodesic con-
served quantities in a nontrivial way.
When we have a symplectic manifold with symmetries, it is possible to
reduce the phase space to another symplectic manifold in which the sym-
metries are divided out. Such a situation arises when one has a particle
moving in a gauge field F . If the group of symmetries acts on the manifold
leaving the two-form F invariant, it is possible to find a Hamiltonian system
canonically induced on a reduced phase space.
In the usual applications, applying the method of reduction simplifies the
equations of motion. However, in some cases, the reverse of the reduction
might be useful, namely the equations of motion on the extended phase
space are quite transparent, but the equations of motion of the quotient
system appear more complicated. Applying an oxidation of a dynamical
system with constants of motion polynomial in momenta, one may obtain
spacetimes admitting SK tensors of higher rank.
The systems considered in this paper present hidden symmetries described
by SK tensors of rank 2. However there are several examples of integrable sys-
tems admitting integrals of motion of higher order in momenta. Recently it
has been introduced [28] a new superintegrable Hamiltonian as a generaliza-
tion of the Keplerian one with three terms preventing the particle crossing
the principal planes. A generalization of the Runge-Lenz vector is found
and also independent isolating integrals quartic in the momenta are identi-
fied. An investigation of the Kepler problem on N−dimensional Riemannian
spaces of non constant curvature was done [29] in order to obtain maximally
superintegrable classical systems.
Another natural generalization of the Killing vectors is represented by
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totally antisymmetric Killing-Yano (KY) tensors. KY tensors generate su-
percharges in the dynamics of pseudo-classical spinning particles and non
standard Dirac operators which commute with the standard one. Given a
KY tensor one can construct a rank 2 SK tensor as a symmetric product
of KY tensors. It would be interesting to investigate relations between KY
tensors and hidden symmetries in the context of Hamilton reduction and
oxidation.
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